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Electron Scattering without Spin Sums
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Using the spacetime algebra formulation of the Dirac equation, we demonstrate
how to perform cross-section calculations following a method suggested by
Hestenes (1982). Instead of an S-matrix, we use an operator that rotates the initial
states into the scattered states. By allowing the scattering operator to become a
function of the initial spin, we can neatly handle spin-dependent calculations.
When the operator is independent of spin, we can provide manifestly spin-
independent results. We use neither spin basis nor spin sums, instead handling
the spin orientation directly. As examples, we perform spin-dependent calculations
in Coulomb scattering to second order, and briefly consider more complicated
calculations in QED.

1. INTRODUCTION

Calculation of spinor scattering cross sections usually involves compli-
cated abstract calculations with gamma matrices. In this paper, we perform
cross-section cal culationsin amoretransparent and intuitive way. We incorpo-
rate the spin orientation directly rather than summing over spins and using
spin projection operators. This streamlines the calculation of spin-dependent
results and makes it clear when results are independent of spin. Our method
is most easily applied to single-electron scattering, which we discuss first,
but wefollow with abrief discussion of how to handle multiparticle scattering.

The starting point for our approach is the spacetime a gebra formulation
of Dirac theory. The spacetime algebra (STA) is the geometric (Clifford)
algebra of Minkowski spacetime, first developed by Hestenes (1966, 1975,
1982). The formulation of Dirac theory within the algebra replaces the matri-
ces of the conventional theory with multivectors. The two formulations are
entirely equivalent, but the STA approach brings out the geometric structure
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leading to more physically transparent calculations. We briefly summarize
the STA formulation below and then explain a method for performing cross-
section calculations first demonstrated by Hestenes (1982). We extend and
clarify this work, handling spin dependence in a natural way.

2. SPACETIME ALGEBRA AND THE DIRAC EQUATION

Throughout we shall make use of the geometric algebra. We present a
brief summary of the STA below to clarify our notation and conventions
(Hestenes, 1966; Hestenes and Sobczyk, 1984).

We shall use the four orthogonal basis vectors of spacetime vy,, where
v = 1and vy = —1fork = 1, 2, 3. The geometric algebra has an associative
product, and the basis vectors then satisfy the Dirac algebra

Yo Yo =300 + Vy) = diag(+——-)
The antisymmetric part of the product defines the outer product

Yo 0% = 3(vYe — VoY)

By repeated multiplication of the basis vectors, we can build up the 16 basis
elements of STA multivectors:

1 {Vu} {Yu U 'Yv} {I'YM} I

scalar  vectors bivectors  pseudovectors pseudoscalar

We can do a space-time split of a vector into the y, frame by multiplying
by vo. For example, the momentum p is split as follows:

PYo=P Yo+t POvo=E+ p=p°+ pyivo

Bold letters are now used for relative 3-vectors (spacetime bivectors).
Restricted Lorentz transformations are spacetime rotations and can be per-
formed by use of a rotor, which can be written R = * exp(B/2). Here B is
a bivector in the plane of the rotation and |B| determines the amount of
rotation. The rotation of a multivector M is then given by

M - RMR

In the STA, spinors are represented using the even subalgebra, which
has the required eight degrees of freedom. The minimally coupled form of
the Hestenes' Dirac equation is

JViryo — My = eAlryo

Here | is an operator that multiplies on the right by an arbitary reference
spatial bivector ¥ so that
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b=y
The spinor { can be decomposed as
4’ — p1/2 elB/Z LU

where L and U are rotors for a boost and spatial rotation respectively, p is
ascalar, and the B-factor determinestherest ratio of particlesand antiparticles.
So in the STA approach, the spinor directly encodes a Lorentz transformation
and a propability density. The rotor U rotates the arbitrary reference plane
3 into the rest spin bivector observable of the electron

S°=uz0
and the boost L gives the momentum
p = mlyl
We can aso boost the rest spin bivector to define the relativistic spin bivector
S= LS = p Wi
Positive- and negative-energy plane wave solutions are given as usua by
YO =u(pe ™ and YO = v(p)e
and the energy projection operators are

A~ () = 5o (M = piyo)

3. THE FEYNMAN PROPAGATOR

The Feynman propagator S- isthe Greens' function for the Dirac equation
that propagates negative-energy wavesinto the past and positive-energy waves
into the future. As a Greens' function, it satisfies

JVAS (X = XWX )yo = MSe(x — XY(X') = 84X — X )(X)

and an integral solution to the Dirac equation is given by
() = i(x) + eJ dX’ S (x = X)AX )X ) Yo (D

where 5; satisfies the free-particle equation. Taking the Fourier transform,
we have

PS:(P)Uryo — MS:(P)b =

S0 %) = [ 35 S (e e
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Operating on both sides with the energy projection operator A, we can solve
for the momentum-space Feynman propagator:

(p? — M)S(P) = plryo + Mis

0 S (p = B S @

Theje ensures causality: positive-energy waves propagate into the future and
negative-energy waves into the past. Fourier-transforming back and per-
forming the integral over dE, we have

SE(X = X

- _2”” 2ES(27)3 [6(t — )AL()e P + ot — A ()]

3

where E = +./p? + n?.

4. ELECTRON SCATTERING

For scattering calculation, we write the wavefunction as the sum of an
incoming plane wave and a scattered wave, s = {5; + Ugitr, Where Y is the
solution at late times given by

R 3 o
Pairr(X) = _zmjef d*x’ J #227)3 AJAX )X )yole P &)

We can write this as a sum over final states

3

dps
Yairr(X) = J 2E,2n) U (%)
where the final states are plane waves,
Pr(X) = e = —feJ dX [pr AGOB(X) + MAX (X )yl e TP )

(4)

To generate the Born series perturbative solution, we iterate (1). The first-
order Born approximation amounts to simply replacing {s(x’) by ;(x’). For
plane waves of particles, we have
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W9 = de ™ and  miyo= ph
4~=—kfd&wﬁaxy+Nme%@*

= —jepA@) + A@PI,  a=p—p

In general, we define a scattering operator S; by

Uy = S
This rotates and dilates the initial states into the final states. The f and i
indices label the initial and final momenta and the initial spin, so in general
S = Si(pr, piy §). However S; does not depend on the final spin, instead
the final spin is determined from the initial spin by a rotation encoded in S;.

Since S; consists of arotation and dilation, it is convenient to decompose

it as

Si = P?iJZRﬁ
where R;; is arotor. The py; factor determines the cross section, as discussed

in the next section. The rotor Ry rotates states with momentum p; into states
with momentum py. It also rotates the initial spin into the final spins by

ér = Rné IN?ﬁ
The rest spins are therefore related by
é? = I:fASrLf = EfRfiAsﬁfiLf = EfRfiLiASiOEiﬁfiLf
We define the rest spin scattering operator
Ui = I:fRfi L, é? = Uy, éPOfi

The cross section and rest spin scattering operator contain all the information
about scattering of states with initial momentum p; and spin § into fina
states with momentum p.

The external line Feynman propagator is given by (3) and ensures that
S; is of the form

S = —i(pM + Mp) (5)

where in the Born approximation example, M = eA(q). However, in general
M can depend on j, in which case we can write

S = —J(peIM + IM] + [M, + [M] i)
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where M; and M, are independent of j. Using jis, = 4 = Sus and the fact
that § and p; commute, we can write this as

S = —i(pM + Mp)

where now M = M, + MJ-S depends on the initial spin. We can therefore
convert dependence on the ‘imaginary’ j into dependence on the physical
spin bivector.

5. CROSS SECTIONS

The scattering rate into the final states per unit volume per unit timeis
given by

Pt
Wi = VT pr = |Silpi = pripi

The cross section is defined as

W

dor = Target density X Incident flux

For elastic scattering, we have
S = _TZWS(Ef — E)Ts, |Si[? = 2w T(E; — E)[Ty[?
With atarget density of 1/V and an incident flux of |J;| = pi|p;|/m, we have

L
pil

Thisisreadily extended to positron scattering and to more complicated cases.

do 3(Er — Ei)‘Tfi|2

6. COULUMB SCATTERING

Coulomb scattering is a useful test case where the vector potential is
given by

—Ze
AKX) = x| Yo

Taking the Fourier transform, we have

2mwZe
A(G) = — “; 8(Er — Evo
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and M = eA(q) in the first Born approximation. Writing
S = —j2md(E — E)Ty

and using energy conservation, we have
z¢e
Th = 3 (2E + q)

s0 that the formula for the cross section becomes

d%py
2Ef (2’1T)3

Zezzfrr
do == | — 8(E — E)(4E? — ¢?
o (qz) |p|| (E ) q°)

Using d®p; = |ps|E; dEd();, we recover the Mott cross section

d_O' o 722 s oo L o
(dﬂf>Mott ~ g WD) T g ey T PO

where g2 = (p; — pi)?> = 2p%1 — cos 0) and B = |p|/E. The derivation is
manifestly independent of initial spin, and the cross section is therefore spin
independent. If we had instead used the conventional spin sums method, this
would have been far from clear.

The final and initia spins will be related by the rest spin scattering
operator Ug, where

U o LeLy + i o< (B + m)? + pepy
If Uy rotates by an angle d in the B plane (B2 = —1), it is given by
Uy = €52 = cos(3/2) + B sin(8/2)
The rotation is therefore in the p; O p; plane and by an angle 8 given by

[(Ug)a| _ Ips O pi _ sin @
(Ug) E+m2+p-pi (E+ m/(E—m)+ cosd

tan 8/2 =

7. SECOND-ORDER COULUMB SCATTERING

Second-order Coulomb scattering is interesting, as it is spin-dependent,
though the calculation is now rather more involved. To avoid problems with
divergent integrals, we replace the potential with the screened potential

and obtain the Coulomb result in the limit as \ goes to zero (Dalitz, 1951,
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Itzykson and Zuber, 1980). For this potential, the first-order analysis above
can be applied with M given by

2mwZe?
eA(q) = Nt 3(Ef — E)vo

To iterate to second order, (4) is used, substituting

. 4 4 AYeY . .
WX) = e+ e j dt J (3154 il ;ffﬂf’ by e gfex

giving the extra contribution to M

r_— ’ d d*k ’ kA(X”) + A(X”)pi X (p—K) aixX-(k—pj)
M —éJd&dej(zw)4A(X)me e

Performing the X’ and X" integrations and using one of the resultant -
functions, we have

M = 2mwd(E; — E)Mt
where the extra contribution to M+ is

, d% ag(pr — Kagk — p)
MT - ezj (271_)3 K2 — m + jE ’YO[k’YO + Vopi]

- —Ze
a(P) = [ dxe v A = e
Using
k2 — m? = p? — k?

and the integrals

Iy + 3(pi + py)l2

=J d3k 1+k
(2m)* [(pr — K)? + M[(pi — K)* + N (p? — K? + Je)

we have

Mt = Z2 eyap(pi + pPl2 + (P + YoE)l4]
We take the limit A — 0, and the total Mt to second order is then

—Z&
MT = >

Yo+ Z2 €[(Eyo — & pr + pDI2 + (P + YoE)I4]
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where the integrals are (Itzykson and Zuber, 1980)
-] ir, 2lPIsin(8/2)

s = 16mlpl sir(0/2) \
- 1 alsn@2) -1+ A,
27 TemlpPco0r2) | 2sn02) )" 2lp|f T co(0/2)

This time M has some j dependence and we write I; = (A + C)j and I, =
B + Cj, where A, B, and C are scalars. Replacing the | dependence with §
dependence, we have

My = VO[—Zq—‘f + EZ2e{B + (2C + A)é}]

+22¢| pa§ - B) - S + 9|

Theterm proportional to g cancelsin the calculation of Ty;. Using theresult that
prp + NP = E(2E + q) — p* — pp;
we have

Ti = (2E+ q)[—i—e; + 2EZ2 (A + C)‘s}
+ Z2 (P + pip)(B — AS)

Keeping terms up to o, the cross section is governed by
22t 473 ¢6°
@
where S? is the initial rest spin. The divergent parts of the integrals have

canceled out and we are only left with the finite terms B and

_ _ Insin(6/2)
16m|p|® cos?(0/2)
We could obtain the cross section for unpolarized scattering by averaging

over the initial spin. The result is the spin-independent part of the cross
section since the spin-dependent part averages to zero.

[EB(p? + pr - pi) + MA(p; O py) - SO

ITil* = (4E% — &?)

8. SPIN DEPENDENCE AND DOUBLE SCATTERING

We now calculate the asymmetry parameter for double scattering from
a Coulomb potential as an example of a spin-dependent calculation. The
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idea is that since the second-order correction to Coulomb scattering is spin
dependent, the scattered beam will bepartially polarized even with an unpolar-
ized incident beam. The scattered beam can then impinge on a second target,
giving an observable asymmetry in the scattered intensity. This asymmetry
was first worked out by Mott (1929, 1932).

The spin after the first scattering is given by

S = Rfiéﬁfi
ér°<-|-fi§1:|-fi—z ¢ - Q)
3
- Z 28 (57 + pip)(2E - 0

where we have only kept the lowest order terms in the spin-dependent and
spin-independent parts. The first term depends on the initia spin, but the
second term does not, so if we average over theinitial spin, the spin-indepen-
dent part will determine the final polarization. We define S° to be the polariza-
tion in the plane S°. Thisis a bivector in the plane of S° with modulus equa
to the polarization of the beam. Since the incoming beam is unpolarized, the
resultant polarization plane will be given by the spin-independent part of S
deboosted to rest. To get the polarization, we then divide by the magnitude
of the spin-dependent part, obtaining

2Z €9°A
e o L0+ Pip)E — oL

_ 2ZEg°A
(4E2- )
The beam after the first scattering is therefore polarized in the scattering

plane p; O p;. The spin-dependent part of the cross section for the second
scattering is given by

SP = —

2mp; O ps

do _ 473 emA, <0
(de)Spm - q%(zﬂ_)z (pf D pz) Sf
64(21T)2240L4q%rnzA1A2

BEE? — ) (pr Op2) - (pi Upy)
wherethe subscripts 1 and 2 refer to thefirst are second scattering, respectively
(eg., 9> = p2 — ps). The asymmetry therefore depends on the cosine of the
angle ¢ between the p; O p, and p; O p; planes. The asymmetry parameter
d is defined so that the fina intensity depends on ¢ through the factor
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1+ 8cosd

In the case where p; - pr = pr - P2 = 0 (pi - p2 = —p? cos ¢), we find the
first nonzero contribution to the asymmetry factor
_ 64(2m)°Z %P, q*

E2—q) P Z7%%4E7 - o)

3

2 2

= 7242 2 B*(1 — B9

Z%a%(In 2) 2 = P
in agreement with the answer quoted by Dalitz, (1951). It is of course only
the first approximation, and for large-Z nuclei, higher order corrections will

be far from negligible.

9. PARTIAL SPIN SUMSIN QED

Much of the simplicity and elegance of the above method comes from
the fact that we were considering a single electron. As a more complicated
example, consider electron—muon scattering. For each of the fermion lines,
one has a scattering operator with an M of the form

M = eDgy?J,
where Dg is the photon propagator and J, is given by

Ja = e<ﬂs 'Yale'YO>S

Here (.. .)s denotes the scalar and X projection, and provides the usual
complex structure, us is the normalized final state of the other particle, and
i, isthe incoming state of the other particle. Now we can proceed to calculate
cross sections as before if we sum over the final spin of the other particle
to get the result

Tal? = 2e'pap;
I mym,g*

+ mp; - py + 2mEn% — [ (S Op)] - [9- (S Opll

We could also calculatefinal polarizationsand spinsin the sameway asbefore.

While the scattering operator approach offers little advantage if one is
just interested in unpolarized cross sections, it may still be useful for calculat-
ing spin-dependent results. If we are just interested in the spin dependence
of aparticular fermion line, the scattering operator approach works well once
the spins of the other particles have been summed over. So in the scattering
operator approach, we still have to perform a spin sum, but only over the

[PL- PP~ P2+ P2 P1P2 - P — MEP: - P2
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spins of the other particles. For example, above we summed over the final
spin of the second fermion. We could of course introduce spin projection
operators to single out particular spins of the other particlesin the usual way.

10. CONCLUSION

We have shown how Hestenes' STA formulation of Dirac theory can
be used to provide an elegant method of performing cross-section calculations.
The logic of calculating cross sections is smplified considerably and spin is
handled straightforwardly. There are no unnecessary spin sums and spin
dependence is manifest in the spin bivector dependence of the scattering
operator. It is a simple matter to calculate spin precessions, polarizations,
and spin-dependent results, and the results obtained are expressed in terms
of physical spin bivectors and the other scattering parameters. To perform
unpolarized calculations, we simply average over spins.

The multiparticle case is rather more complicated. We do not yet have
aneat method for performing arbitrary spin-dependent calculations, and have
to involve spin sums over termsinvolving complex conserved currents. How-
ever, we can still write down a scattering operator for any given fermion line
and retain the benefits of the scattering operator approach for calculations
involving the spin of the particle. For clarity, we have only considered el ectron
scattering, but all our results are easily extended to positron scattering and
electron—positron annihilation (Lewis, 2000).
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